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767. 
ON THE GAUSSIAN THEORY OF SURFACES. 


[From the Proceedings of the London Mathematical Society, vol. x11. (1881), pp. 187—192. 
Read June 9, 1881.] 


In the Memoir, Bour, “Théorie de la déformation des surfaces” (Jour. de I’Ec. 
Polyt., Cah. 39 (1862), pp. 1—148), the author, working with the form ds? = dv? + g°du? 
as a special case of Gauss’s formula ds*= Edp’ + 2Fdpdq + Gdg, obtains (p. 29) the 
following equations which he calls fundamental :-— 


lydo si 
5 eH, 
dT d.H; 
ftv] aie: a, + m H,g,=0, 
|a.Tp dm _ 
dw +9 du 2; 
dg 


where g, is written to denote r and where (see p. 26) 


H is the curvature of the normal section containing the tangent to the curve 
v = constant, 

H, is the curvature of the normal section at right angles to the preceding, 
containing the tangent to the (geodesic) curve w= constant, 

T is the torsion of the same geodesic curve ; 


or, what is the same thing (see p. 25), the quadric equation for the determination 
of the principal radii of curvature at the point of the surface is 


(5-H) (5-a) fti 
i 42—2 
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Writing for greater convenience K in place of the suffixed letter H,, also V 
instead of g, so that the differential formula is ds = dv? + Vdu?, the equations become 


1 &V 
Tar 
dT d.HV „aV 
d. TV? „dK 

dv Ae A =i 


or, if we use the suffix 1 to denote differentiation in regard to v, and the suffix 
to denote differentiation in regard to u, then the equations are 


Vin 
pr T? — HK, 
T,+ (HV), —KV,=0, 
(TV?), + K,V =0, 
or, what is the same thing, 


n= V(7?—HK), 
T, + H,V+(H—K)V,=0, 
TV +27TV,+, = 0. 


I wish to show how these formule connect themselves with formule belonging 


to the general form ds? = Edp?+ 2Fdpdq+ Gdg. These involve not only Gauss’s coefficients 
E, F, G, but also the coefficients K’, F’, @ belonging to the inflexional tangents ; 
and, for convenience, I quote the system of definitions, Salmon’s Geometry of Three 


Dimensions, 3rd ed., 1874, p. 251, viz. 
dx, dy, dz =adp + a'dq, bdp+0b'dq, cdp +c'dq; 
da = adp + 2a’dpdq + ada’, 
dy = Bdp + 2B’dpdq + Bd”, 
dz = yd + 2y'dpdq + y"d¢q@; 
A, B, C=be'—b'c, ca’—cla, ab-ab; V?=HEG-F’; 
E’ =Aa+BB+Cy, F’=Aa'+ BB’ +Cy’, @ = Aa” + BB’ + Cy’, 
so that Z’, F’, G’ are, in fact, the determinants 
a hb Pret le Cog) vie Een ec 
fn Oe oe a? Fyne abs ie 
la, Boy! ia, B, A 5 BGS 
The equation for the determination of the principal radii of curvature is 


(E'p — EV) (@p — GV) —(F’p — FV? =0, 
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which, in the particular case F=0 (and therefore V? = EG), becomes 


(E’p — EV) (G’p — GV) — F%p= 0, 
or, as this may be written, 


-NE-E 


an equation which corresponds with Bour’s form 


(-#)(-2)-n- 


and becomes identical with it, if 
=EVK, @G=GVH, F=- VT. 


But, making p, q correspond to Bours variables, p to v, and q to u, it is 
necessary to show that the foregoing values (and not the interchanged values 
= GVH, G’=EVK) are the correct ones. We have, Salmon, p. 254, 


| dq, pk’—VE, pF’-—VF I 
—dp, pF’ —VF, pi’ — VG 
or, putting herein F=0, the equations may be written 
dq E (1- VEN F (1 $ y); 
= eT F’ F Fa = rey ma G’ ? 
. LENT a 
or, we see that to dqg=0 corresponds the value — = Ry? 
= i Hence the former of these values of - ital to Bours du= 0, that 


and to dp=0 the value 


is, to his ook ‘ and the latter to Bours dv=0, that is, to his 5a ; or the 
values are, as stated, 
= EVK, Œ= GVH. 


The formula d? = Edp + 2Fdpdq + Gdg? agrees with Bours d? =d +gdu?’, if 
p=u, q=v E=1, F=0, G=g*. With these values, V? = EG -— F? = 9", or say g= V, 
and Bours equation is, as it was before written, de? = dv + V*du. And we have to 
find the three equations which, putting therein p=u, q=v, H=1, F=0, G=V%, 
E’ = VK, F' =- V°T, Œ = V’H, reduce themselves to Bour’s equations. 


The first of these is nothing else than the equation for the measure of curvature, 
viz, Salmon, p. 262 (but, using the suffixes 1 and 2 to denote differentiation in 
regard to p and q respectively), this is 

4(E'G —F")= E(E,G, — 2F,G, + GP) 
+ F (EG: — BG, —2E,F, + 4F,F,—2F,G,) 
+ G (EG — 2E, F, + E?) 
— 2 (EG — F’) (En — 2F + Gy). 
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In fact, writing herein #=1, F=0, and therefore the differential coefficients of Æ 
and F each =0, the equation becomes 


4 (E'G' — F”) = G2 -246u, 
which is 
4V4(HK — T?) = (2V V} — 2V2 (2V2 + 2V Va), =—4V°V,,; 


or finally it is 
V, =V(7?-— HK). 


The other two of Bours equations are derived from equations which give 
respectively the values of Ey — F; and F,/—G,’; viz. starting from the equations 


E’=Aa +BB +Oy, 
F’ = Ad’ + BR’ + Cy’, 
G’ ea Ad’ + BR” + Cy”, 


we see at once that #,' and F; contain, #,’ the terms Aa, + BB+ Cyaẹ» and F, the 
terms Aa’ + B8’ + Cy, which are equal to each other (@,=a, since a and a@’ are 
the differential coefficients 2, % of ~, and so B,= 8, and y=). Hence 


Ey — F/ = Aa + BaB + Cay — Aa’ — BB -Oy ; 
and similarly 


FY — G/ = Ad + BB’ + Oy — Aa” — BB” — Oy”. 
Here, from the values of A, B, C, we have 
A=be' -cb ; A =B — yb +by =c; A=B — yb + by” — cep"; 
Bz=ca—-ac’; Bi =y —ac +o —ay; B,=ya-ac +e” — ay”; 
C =ab— ba; O, =ab —Ba’+aP’— ba’; O, =a'b’ — B'a +a" — ba”; 


and, substituting, we find 
E; —F;= 2da +aa”a, 


Fy — Gy = — 2ad'a” — aaa, 


if, for shortness, a’aa’ denotes the determinant 


A / 


a > a, a 2 
5 Bot 
č, Y, y 


and so for the other like symbols. Observe that, with 


ditas '& “Feo 

& 6, Bh ee 
/ 

C, C, Y, Y3 
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we have in all 10 determinants, viz. these are aaa, =E’; add, =F’; ava’, =Q"; 
Ul a 


aaa”; and the six determinants aaa’, ada”, aaa; aaa’, dita", awa’a. The foregoing 
expressions of E; — F; and F,—G,' respectively, sibseieuting therein for the determinants 


Phe 


aad’, aaa, ada’, a’e’a their values as about to be obtained, are the required two 
equations. We ene 


aa +bb +cc =E, aa +bb +cc =F, 

awa +bb +cc =F, va +b +d =G, 

aa +Bb +yc =4þ,, aw’ + Bb’ +yc = i> 4£,, 
da+Bb+y'c =tF,, aa’ + BD’ +c =$, 


a'a + Bb +y"c = F,-44,, a'a ' + BY + yc =44,; 


and if from the first five equations, regarded as equations linear in (a, b, c), we 
eliminate these quantities, and from the second five equations, regarded as linear in 
(a’, b, c’), we eliminate these quantities, we obtain two sets each of five equations, 


oi a, a’, al’ = 0: and: |} a, a’; a, a, a ||=0. 
5.: Ue, B oR: B” Nad le Se: E - 
He Oat a ee A Sa c o, n RERE, TUES d 
IE a pele S E E R Pe Rete 1o AE Ye F 


These may be written, 
Faw a” — 4E d'd a” — 4 Eada — (F, — 4G) aaa = O, 
— Ead a” + $E ad a” +}4E,aaa +(F,— 4G) aaa’ = 0, 


Edda’ — Fada’+}E,@ -—(F,— 4G) F’ =, 
Ea'a’a — F ad'a -4 E,@ + (F,—4G)E' - =0, 
Edad — Faad +4EF'— 4E,E’ = 0; 


and 
Ga a’ a” — (F; —4#£,) Wola” —kGya'a"a  —4Gaad =0, 
— Fad a” +(F,-4£,) aaa’ +4G,ae"’a +4G,aad =0, 


Fa'a’ a” — G ada” +4GG -4G,F' =0, 
Fa'aa — G ad’a —(F,—4E)@ +4@G,E' =0, 
Fa'a « — G aad +(F,-4#,) F’-1G,F’ =0. 


Attending in each set only to the third, fourth, and fifth equations, and combining 
these in pairs, we obtain 


Vind’ a’ +( $FG,— FF, +}3EG,) F’ +(—-4£G, +} FE) @ = 0, 
Va'ad” +( 40G, — GF,+4FG,) F’ +(—4FG,+4GE,) G’ =0; 
Viaa’a +(—}FE, + EF,-}EE,) G + (-43FG, + FF,—4EG,) FE’ =0, 
Vea'a'a +(—4GE, + FF, —4FE,) @ +(- 466, + GF,- 4FG,) E'=0; 
Vaaa +( 44EG,- 4FE,) E'+( 4FE,-— EPF, +4EE)F'=0, 
Vwa a’ +( 4FG, -—}GE,) E +( 4GE,—FF,+4FE, P= 
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We thus obtain 


Re = ~F/= 5 ( —4FG,+4GE,) FE’ +(-4G8,+FF, —4FF) F} 


+l ¿FE — EF, +4EE)G@+( 4FG@-FF, +4EG) E’, 


-G= 7, ( 4G, — FP, +4EG) F’+( - 2G, + 4 FE.) G') 


+ $ \(-4GE,+ FF,- 4FE.) @ +(-466,4+ GF, -—4FG)E'}; 
or, eia 
-F= (—4 FG, + GE,— FF, +4 EG) E’ 


+(— GE, + 2FF, — FF,) F’ +(4FE,— EF,+}4EE) @, 


nl 


ros v (-40G,+GF,—-4FG)E' 
+ (FQ, —2FF, + EG.) F' + (— 4GE, + FF, — EG, + 4 FE,) G°), 


which are the required formulæ; and which may, I think, be regarded as new formulæ 
in the Gaussian theory of surfaces. 


Writing herein as before, the first of these becomes 


(VE) + (VD) = ya kV VE}, = VK, 


that is, 
VK + VK, + V27,4+2VV,T=V.K; 
or finally 
VT, +27TV,+ K,=0, 


which is Bour’s third equation, And the second equation becomes 
(V2 aS = EVV VE +) (—- V2) 0): VA, 


=— ments —2VV,T —2V°V,H, 


that is, 
— V°T,—2VV,T— V:H, —3V?V,H =— V° V,K —2VV.T —2V°V,H; 
or finally 
T,+ VH,+(H—-K) V,=0, 


which is Bour’s second equation. 
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